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Self-energy of a scalar charge near higher-dimensional black holes
Valeri P. Frolov1, ∗ and Andrei Zelnikov1, †
1Theoretical Physics Institute, Department of Physics, University of Alberta,
Edmonton, Alberta, Canada T6G 2E1
We study the problem of self-energy of charges in higher dimensional static spacetimes. Applica-
tion of regularization methods of quantum field theory to calculation of the classical self-energy of
charges leads to model-independent results. The correction to the self-energy of a scalar charge due
to the gravitational field of black holes of the higher dimensional Majumdar-Papapetrou spacetime
is calculated exactly. It proves to be zero in even dimensions, but it acquires non-zero value in odd
dimensional spacetimes. The origin of the self-energy correction in odd dimensions is similar to the
origin the conformal anomalies in quantum field theory in even dimensional spacetimes.
I. INTRODUCTION
There are several problems in the theoretical physics
that have quite long story but still attract a lot of atten-
tion. The problem of the electromagnetic origin of the
electron mass is one of them. It first was formulated in
the classical theory when in 1881 Thompson [1] demon-
strated that the self-energy of the electromagnetic field
contributes to the inertial mass of a charged particle.
This idea was then elaborated in the works by Lorentz
[2, 3], Abraham [4], Poincare´ [5], Fermi [6] and other.
For a simple model of a uniformly charged sphere of ra-
dius ε, the electrostatic energy is E = e2/(2ε). However
it was shown by Abraham [7, 8] the relation between
energy and momentum for such a particle differs from
the standard one by a factor 4/3. This factor disap-
pears if one includes in the definition of the self-energy
a contribution of additional (non-electromagnetic) forces
that are required to make a system stable. To solve 4/3-
problem Poincare´ [5, 9] introduced special sort of non-
electromagnetic pressure. Max von Laue [10] formulated
a general theorem, demonstrating that whenever a spa-
tially extended system is stable, the total mass of such a
system mtot is always related to its rest-mass as follows
mtot = Etot/c
2. The problem of self-energy and stability
of a classical electron is discussed in many more recent
papers (see e.g. [11–15]).
There are many different ways how a simple spherical-
shell model of a classical electron can be modified. For
example, instead of the shell one can consider a charged
ball, the shape of the shell or of the ball can be de-
formed, the distribution of the electric charge can be non
homogeneous, and so on. Certainly, to be consistent,
for each of these modifications one must also modify the
non-electromagnetic forces in order to satisfy the Laue’s
theorem. Bopp [16] and Podolsky [17, 18] proposed a
covariant scheme for the calculation of the classical self-
energy of the electron. Their idea was to start with a
higher-derivative modification of the corresponding field
∗
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theory. For example, for a scalar massless field ϕ one
starts with the equation
(1− 1
µ2
)ϕ = −4πJ .
This equation is equivalent to a set of relations
ϕ = ϕ′ − ϕ′′ ,
ϕ′ = (1− 1
µ2
)ϕ , ϕ′′ = − 1
µ2
ϕ ,
if the fields ϕ′ and ϕ′′ obey the equations
ϕ′ = −4πJ , (− µ2)ϕ′′ = −4πJ .
For a point-like charge q the infinite parts in the self-
energy for both fields ϕ′ and ϕ′′ are identical, and as
result of their subtraction the self-energy is finite Eself =
q2µ. In this regularization µ plays the role of the cut-off
parameter. In fact, in such an approach for a small size
of a classical charged particle ε ≪ µ−1 all the details of
the charge distribution become unimportant. One can
easily see that this approach has many common features
with the Pauli-Villars regularization widely used in the
modern quantum field theory[42]
In the quantum electrodynamics the self-energy of the
electron is divergent in the point-particle limit. In the
second order of the perturbation theory this divergence
is of the form
∆m ∼ m0 3e
2
2π~c
ln(~/(εm0c)) , (1.1)
where m0 is the ‘bare’ mass of the electron, and ε is the
cut-off radius. In the limit ~→ 0 the expression Eq.(1.1)
does not reproduce the classical result. The reason of
this is that in order to derive this relation one uses the
expansion in α = e2/(~c). However, as it was demon-
strated by Vilenkin and Fomin [19, 20], there exists a
correct quantum-to-classical correspondence for the self-
energy of the electron (see also [21].)
In the presence of the gravitational field the self-energy
problem becomes more complicated. The reason is that
the field of a pointlike charge is spread in space, and its
2contribution to the energy in a general case is non-local.
The classical fields created by charges are not localized
at the position of the charge. It means that the charges
are to be treated as extended objects. Qualitatively the
origin of the classical electromagnetic self-force of charges
can be explained by the deformation of the distribution of
their classical fields in curved spacetime that leads to an
extra force acting on the charge itself. Fermi [6] showed
that for a special case of the homogeneous static gravita-
tional field the self-energy is the same as in the absence
of the field. This result can be related to the equivalence
principle. However, in a general case the electromagnetic
(or scalar, or any other field) self-energy depends on the
position of the particle. This may lead to an extra force
acting on a charged particle.
In a generic case the self-force acting on a particlemov-
ing in the gravitational field contains both conservative
and dissipative terms, the dissipative terms being respon-
sible for the radiation reaction. The fundamental prob-
lem of calculation of the radiation reaction of particles in
the external gravitational field [22] has got much atten-
tion [23–25] in connection with the study of waveforms
of gravitational radiation, especially because of possible
applications in experiments for gravitational wave detec-
tion. A nice review on the contemporary state of the
problem one can find in [26].
For a static particle in a static (stationary) gravita-
tional field the radiation force is absent, the problem is
simplified, and in some special cases the self-energy can
be calculated exactly. This becomes possible when the
static Green functions of classical fields are known ex-
actly. Fortunately this is the case for some physically
interesting systems like static charge near 4-dimensional
Schwarzschild or Reissner-Nordstro¨m black holes [27–29].
For the electric pointlike charge an self-interaction energy
is [30–32]
E =
(
mbare +
e2
2ǫ
)
|g00|1/2 +∆E ,
∆E =
e2M
2r2
,
(1.2)
which leads to an additional repulsive (directed from the
black hole) self-force. Here ǫ is the classical radius of
the electron, mbare is its bare mass, and r is the radial
distance to the black hole. It was also demonstrated that
for a scalar charge near the Reissner-Nordstro¨m black
hole the self-energy correction ∆E vanishes [25, 33]. In
[34] the self-energy of scalar charges in the background
geometry of wormholes was studied.
The aim of this paper is to analyze the self-energy
problem for a static pointlike charge in a static higher-
dimensional spacetime. Our motivations for this analysis
are the following. In higher dimensions the fields near a
pointlike source is stronger than in 4D case. Hence one
can expect much more dramatic dependence of the di-
vergent part of the classical self-energy on details of a
model of a classical source. We demonstrate that for the
calculation of the self-energy one can use methods simi-
lar to the ones adopted in the quantum field theory. To
be concrete we focus on the point-splitting method. It is
well known for the calculations of the quantum vacuum
polarization effects in a curved spacetime. We demon-
strate that this regularization method works well for the
calculation of the self-energy.
Another interesting question is why non-local self-
energy correction ∆E for a scalar massless field vanishes
in 4D. We shall demonstrate that this is a generic prop-
erty of a wide class of even-dimensional spacetimes with
a spatial metric conformal to the flat one, while in odd
dimensional case there exists a non-vanishing extra force
acting on a charged scalar source.
The paper is organized as follows. In Section II we
discuss the self-energy problem for a scalar charge in a
static gravitational field and obtain expression for the
corresponding shift of mass in terms of a static Green
function. After this we adapt the point-splitting formal-
ism, well known in the quantum field theory, for the clas-
sical self-energy problem in a general higher dimensional
static gravitational field. This approach allows one (at
least formally) to avoid problems connected with the de-
tails of the charge structure (Section III). We illustrate
this method by calculations of the self-energy of a scalar
massless charge. We apply the point-splitting approach
for the calculation of the self-energy of a static source in
a 4D static black hole metrics and show that this for-
malism correctly reproduces known 4D results for the
self-force (Section IV). In Section V we use the point-
splitting method for the calculation of the self-energy of
pointlike scalar charges at rest in the vicinity of higher-
dimensional extremely charged black hole, or a set of such
black holes. For such gravitational backgrounds the exact
static Green functions are known [35], so that one is able
to obtain an exact explicit expression for the self-energy.
We demonstrate that in even dimensional Majumdar-
Papapetrou spacetimes the self-force vanishes, while in
the odd dimensional ones the self-force and self-energy
can be related with conformal anomalies. Conclusions
contain a discussion of the obtained results.
II. SELF-ENERGY OF A SCALAR CHARGE IN
A STATIC SPACETIME
Let us consider a scalar massless field ϕ in
D−dimensional spacetime with metric
dS2 = gµνdy
µdyν . (2.1)
It obeys the equation
ϕ ≡ −4πJ . (2.2)
We assume that the spacetime is static and ξ is its Killing
vector, so that in the region where α2 ≡ −ξ2 > 0 one can
write the metric in the form
dS2 = −α2dt2 + gabdxadxb , ∂tα = ∂tgab = 0 . (2.3)
3For a static source the field equation takes the form
△ϕ+ (∇ lnα,∇ϕ) = −4πJ . (2.4)
Here ∇a is a covariant derivative in (D−1)−dimensional
metric gab and △ = gab∇a∇b.
For a pointlike scalar charge q located at x one has
J(x) = q
∫ ∞
−∞
dτδD−1(x,x′)
δ(t− t′(τ))
α(x′)
= q δD−1(x,x′) ,
δD−1(x,x′) =
δD−1(x− x′)√
g
, g = det gab .
(2.5)
In what follows it is convenient to rewrite Eq.(2.4) in
a self-adjoint form. For this purpose we introduce the
quantities
ϕ = α−1/2ϕ˜ , J = α−1/2j , (2.6)
and write the Eq.(2.4) in the form
Fˆ ϕ˜ ≡ (△+ V )ϕ˜ = −4πj ,
V =
(∇α)2
4α2
− △α
2α
≡ −△(α
1/2)
α1/2
.
(2.7)
The energy E in a static spacetime is
E =
∫
Σ
Tµνξ
µdΣν , (2.8)
where Σ is a Cauchy surface and dΣν is a future-directed
volume element on it. The energy-momentum tensor for
the minimally coupled massless scalar field is
Tµν =
1
4π
(
ϕ;µϕ;ν − 1
2
gµνϕ;αϕ
;α
)
+ gµνϕJ . (2.9)
For a static field ξµϕ,µ = 0 so that one has
E =
∫
Σ
T ξµdΣµ , T = Jϕ− 1
8π
(∇ϕ)2 . (2.10)
Since E does not depend on the choice of Σ, we chose
this surface in the form t =const. In the presence of a
black hole one restricts the integration domain by the
black hole exterior. For this choice of Σ one has
dΣµ = nµ
√
g dD−1x , (2.11)
where nµ is a unit future-directed vector normal to Σ,
and
ξµn
µ = −α . (2.12)
Thus
E = −
∫
t=const
dD−1x
√
g αT . (2.13)
Using the Stock’s theorem and the field equation Eq.(2.4)
we get [43]
E = −1
2
∫
Σ
αϕJ
√
g dD−1x = −1
2
∫
Σ
ϕ˜j
√
g dD−1x .
(2.14)
Denote by G the Green function of the operator Fˆ
Fˆ G(x,x′) = −4πδD−1(x,x′) . (2.15)
Then Eq.(2.14) takes the form
E = −q
2
2
α(x)G(x,x) . (2.16)
As expected, the obtained expression for the self-energy
of a pointlike charge is divergent. To deal with this prob-
lem we shall use the point-splitting method, similar to
the regularization schemes adopted in the quantum field
theory. Namely, to regularize E we use the regularized
version of the Green function Greg(x,x)
G(x,x)→ Greg(x,x) = lim
x→x′
[G(x,x′)− Gdiv(x,x′)] .
(2.17)
We discuss this point-splitting procedure in the next sec-
tion. Now let us make the following remark. The energy
of the object of mass m at rest at a point x in a static
gravitational is
E = −muµξµ = mα(x) . (2.18)
Using this relation we obtain for the contribution ∆m of
the self-energy to the mass of a scalar charge the following
expression
∆m = −q
2
2
Greg(x,x) . (2.19)
III. POINT-SPLITTING REGULARIZATION OF
OF THE SELF-MASS
A. Schwinger–DeWitt expansion
To obtain Gdiv it is convenient to start with the heat
kernel expansion for the operator Fˆ . We define the heat
kernel K(s|x,x′) as a solution of the equation
[
− ∂
∂s
+ Fˆ
]
K(s|x,x′) = −δD−1(x,x′) δ(s) . (3.1)
The static Green function G(x,x′) defined by Eq.(2.15)
is
G(x,x′) =
∫ ∞
0
dsK(s|x,x′) . (3.2)
The divergent terms of G are determined by the behavior
of the heat kernels at small s and can be found by using
4the standard Schwinger–DeWitt expansion
K(s|x,x′) = ∆
1/2(x,x′)
(4πs)(n+2)/2
exp
(
−σ(x,x
′)
2s
)
×
∞∑
k=0
ak(x,x
′)sk .
(3.3)
Here ak are the Schwinger–DeWitt coefficients for the op-
erator Fˆ . The world function σ and Van Vleck–Morette
determinant ∆ are defined on the (D − 1)−dimensional
spatial metric gab.
The divergent part of the static Green function
Gdiv(x,x′) =
∫ ∞
0
dsKdiv(s|x,x′) (3.4)
comes from the first [(D − 1)/2] terms in this series
Eq.(3.3). Denote n = D − 3 then one has
Kdiv(s|x,x′) = ∆
1/2(x,x′)
(4πs)(n+2)/2
exp
(
−σ(x,x
′)
2s
)
×
[n/2]∑
k=0
ak(x,x
′)sk .
(3.5)
Therefore
Gdiv(x,x′) = ∆1/2(x,x′) 1
(2π)
n
2
+1
×
[n/2]∑
k=0
Γ
(
n
2 − k
)
2k+1σ
n
2
−k
ak(x,x
′).
(3.6)
When n is even the last term (k = n/2) in the sum should
be substituted by
Γ
(
n
2 − k
)
2k+1σ
n
2
−k
ak(x,x
′)
∣∣∣
k=n/2
→ − lnσ(x,x
′) + γ − ln 2
2
n
2
+1
an/2(x,x
′).
(3.7)
B. Special cases
Let us illustrate the self-mass calculations by examples
of special static black hole solutions in a spacetime with
dimensions D = 4, 5, 6, and 7. For this purpose let us
present here the corresponding expressions for the diver-
gent parts of the static Green functions for these cases.
• Four dimensions D = 4, n = 1
Gdiv(x,x′) = ∆
1/2(x,x′)
4π
1
(2σ)1/2
a0(x,x
′) . (3.8)
• Five dimensions D = 5, n = 2
Gdiv(x,x′) = ∆
1/2(x,x′)
4π2
[
1
2σ
a0(x,x
′)
−1
4
(lnσ + γ − ln 2) a1(x,x′)
]
.
(3.9)
• Six dimensions D = 6, n = 3
Gdiv(x,x′) = ∆
1/2(x,x′)
8π2
[
1
(2σ)3/2
a0(x,x
′)
+
1
2(2σ)1/2
a1(x,x
′)
]
.
(3.10)
• Seven dimensions D = 7, n = 4
Gdiv(x,x′) = ∆
1/2(x,x′)
8π3
×
[
1
2σ2
a0(x,x
′) +
1
4σ
α1(x,x
′)
−1
8
(lnσ + γ − ln 2) a2(x,x′)
]
.
(3.11)
IV. SELF-ENERGY IN FOUR DIMENSIONAL
REISSNER-NORDSTRO¨M SPACETIME
As a first example let us apply the developed
point-splitting method to calculation of the self-energy
of a scalar charge near a four-dimensional Reissner-
Nordstro¨m black hole. Namely, we shall demonstrate
that this methods give he same answer as earlier cal-
culations using a spherical shell model of a the classical
charged particle.
LetM and Q be mass and electric charge Q of the lack
hole. The Reissner-Nordstro¨m metric in the isotropic
coordinates is
dS2 = −α2 dt2 + U2δab dxadxb , (4.1)
where
α =
4ρ2 − (M2 −Q2)
(2ρ+M +Q)(2ρ+M −Q) ,
U = 1 +
M
ρ
+
M2 −Q2
4ρ2
, ρ2 = δab x
axb .
(4.2)
The standard radial coordinate r is related to the
isotropic coordinate ρ as follows
r =M + ρ+
M2 −Q2
4ρ
. (4.3)
The spatial metric is conformally flat
gab = U
2δab . (4.4)
We denote a ‘coordinate distance’ between two points as
|x− x′| ≡
√
δab(xa − x′a)(xb − x′b) . (4.5)
In spherical isotropic coordinates (t, ρ, θ, φ)
dS2 = −α2 dt2 + U2 [dρ2 + ρ2 (dθ2 + sin2 θ dφ2)] (4.6)
5it takes the form
|x− x′| =
√
ρ2 + ρ′2 − 2ρρ′λ ,
λ = cos θ cos θ′ + sin θ sin θ′ cos (φ − φ′) .
(4.7)
The static Green function for a scalar field in the
Reissner-Nordstro¨m spacetime is known exactly [37–39].
In isotropic coordinates it takes the form
G(x,x′) =
√
αα′
4πR(x,x′)
, α = α(ρ), α′ = α(ρ′) . (4.8)
Here
R(x,x′)2 = (ρ2 + ρ′
2 − 2ρρ′λ)
×
[
1− λ(M
2 −Q2)
2ρρ′
+
(M2 −Q2)2
16ρ2ρ′2
]
.
(4.9)
In the limit x′ → x one has the following expressions
σ(x,x′) =
UU ′
2
|x− x′|2 +O(|x− x′|4) ,
a0(x,x
′) = 1 ,
∆1/2(x,x′) = 1 +O(|x− x′|2) .
(4.10)
Thus Eq.(3.8) leads to
Gdiv(x,x′) = 1
4π
√
UU ′
1
|x− x′| +O(|x− x
′|) . (4.11)
Similarly, when x → x′, one can expand the exact ex-
pression Eq.(4.8) in series. It’s easy to check that
αα′[
1− λ(M2−Q2)2ρρ′ + (M
2−Q2)2
16ρ2ρ′2
] = 1
UU ′
+O(|x− x′|2) .
(4.12)
and, hence,
G(x,x′) = 1
4π
√
UU ′
1
|x− x′| +O(|x− x
′|) . (4.13)
By comparing Eq.(4.13) with Eq.(4.11) one obtains
Greg(x,x′) = G(x,x′)− Gdiv(x,x′) = O(|x− x′|) (4.14)
and hence
Greg(x, x) = 0 . (4.15)
The corresponding self-energy Eself and the mass correc-
tion ∆m vanish
∆m = α−1Eself = 0 . (4.16)
This result coincides with the corresponding result for a
spherical shell model obtained earlier [24, 25, 31, 33]. Let
us emphasize that the point-splitting method not only
easier and simplify calculations, but, what is more im-
portant, it allows one to extract the finite part of the self-
energy without discussing details of the classical charged
particle model. It also can be used in arbitrary number
of spacetime dimensions. In order to illustrate the latter
point we shall perform calculations of the self-energy in
special higher-dimensional black hole metrics.
V. SELF-ENERGY OF A SCALAR CHARGE IN
THE HIGHER DIMENSIONAL
MAJUMDAR-PAPAPETROU METRICS
A. Static Green function in the
Majumdar-Papapetrou spacetime
There exist a wide class of higher dimensional met-
rics where the static Green functions for scalar and elec-
tromagnetic field of a point charge are known in ex-
plicit form [35]. These are so called higher dimensional
Majumdar-Papapetrou metrics [36]. They describe the
field of a set of extremely charged black holes in equilib-
rium in a higher dimensional asymptotically flat space-
time. The corresponding background metric and electric
potential are of the form (D = n+ 3)
dS2 = −U−2 dt2 + U2/nδab dxadxb ,
Aµ =
√
n+ 1
2n
U−1 δ0µ .
(5.1)
Denote
ρ = |x− x′| =
√
δab(xa − x′a)(xb − x′b) , (5.2)
△ = δab∂a∂b . (5.3)
Note that the flat Laplace operator △ differs from the
curved one △ = gab∇a∇b.
The function U in Eq.(5.1)
U = 1 +
∑
k
Mk
ρnk
, ρk = |x− xk| . (5.4)
The index k = (1, . . . , N) enumerates the extremal black
holes. xak is the spatial position of the k-th extremal black
hole. The potential U obeys the equation
△U = −4π
1+n
2
Γ
(
n
2
) ∑
k
Mk δ
n+2(x− xk) . (5.5)
That is in the black holes exterior the function U is a
harmonic function
It is easy to heck that the static scalar field equation
Eq.(2.4) in the metric Eq.(4.4) takes the form
△ϕ = −4πU2/nJ . (5.6)
For a pointlike charge this equation can be easily
solved. It is sufficient to use the following relations
△
[
1
ρn
]
= −4π
1+n
2
Γ
(
n
2
) δn+2(x− x′)
= −n 1
ρn+1
δ(ρ) ,
(5.7)
δn+2(x− x′) = Γ
(
1 + n2
)
2π1+
n
2
1
ρn+1
δ(ρ) . (5.8)
The static Green function is [35]
G(x,x′) = Γ
(
n
2
)
4π1+
n
2
· 1√
UU ′
1
ρn
. (5.9)
6B. Self-energy
Since the spatial part of the Majumdar-Papapetrou
metric is conformally flat, the calculations of the diver-
gent part of a static function in higher dimensional case
are greatly simplified. In addition in this case the oper-
ator Fˆ happens to be conformally invariant. The details
of the calculations can be found in the Appendices. Us-
ing these results and expressions for Gdiv presented in the
subsection III B, one obtains Eself and ∆m = Eself/α.
Here we collect the corresponding results for D = 4, 5,
and 6 dimensional spacetimes
• Four dimensions D = 4, n = 1
G(x,x′) = 1
4π
1√
UU ′
1
|x− x′| ,
Gdiv(x,x′) = 1
4π
1√
UU ′
1
|x− x′| +O(|x− x
′|) ,
Greg(x,x) = 0 ,
(5.10)
∆m = 0 . (5.11)
• Five dimensions D = 5, n = 2
G(x,x′) = 1
4π2
1√
UU ′
1
|x− x′|2 ,
Gdiv(x,x′) = 1
4π2
1√
UU ′
[ 1
|x− x′|2
+
1
72
UR
]
+O(|x− x′|2) ,
Greg(x,x) = − 1
288π2
R ,
(5.12)
∆m =
q2
576π2
R . (5.13)
Here R is the Ricci scalar of the spatial metric gab
R = 3
2
U−3 (U,aU,b − 2UU,ab) δab . (5.14)
• Six dimensions D = 6, n = 3
G(x,x′) = 1
8π2
1√
UU ′
1
|x− x′|3 ,
Gdiv(x,x′) = 1
8π2
1√
UU ′
1
|x− x′|3 +O(|x− x
′|) ,
Greg(x,x) = 0 ,
(5.15)
∆m = 0 . (5.16)
Note that the obtained results are valid for the ge-
ometries which are more general than the Majumdar-
Papapetrou spacetimes, because in the derivation of these
formulas we used the metric in the form Eq.(5.1) with an
arbitrary function U . The Majumdar-Papapetrou space-
times satisfy the Einstein equations which lead to the
additional constraint Eq.(5.5) to the function U .
C. Self-force near five dimensional
Reissner-Nordstro¨m black hole
The self-force fa acting on a static scalar charge can
be read out from the variation of the self-energy over dis-
placement of the charge (see, e.g, [24, 30, 33] for details)
δEself = −faδxa . (5.17)
In even-dimensional asymptotically flat spacetimes of the
type Eq.(5.1) the self-energy vanishes and there is no
corresponding self-force. In odd-dimensional spacetimes
there appears a non-trivial self-force.
Consider a simple example of a self-force of a scalar
charge near a single five-dimensional extremal Reissner-
Nordstro¨m black hole. In this case
U = 1 +
M
ρ2
, R = 6 M
2
(ρ2 +M)3
. (5.18)
The self-energy
Eself =
q2
576π2
U−1R = q
2
96π2
M2ρ2
(ρ2 +M)
4 . (5.19)
In terms of the Schwarzschild radial coordinates
r2 = ρ2 +M it reads
Eself =
q2
96π2
M2(r2 −M)
r8
. (5.20)
Thus the only non-vanishing component of the self-force
is its radial component
fρ =
q2
48π2
M2ρ3(3ρ2 −M)
(ρ2 +M)
6 . (5.21)
The force is repulsive at far distances, vanishes at
ρ =
√
M/3 (or, equivalently, r = 2
√
M/
√
3), and be-
comes attractive at smaller radii. At the horizon ρ = 0
it vanishes again.
VI. CONCLUSIONS
In the paper we discussed the problem of self-energy of
a classical charged particle in an external static gravita-
tional field. Our main focus was on the case of higher
dimensional gravity. Classical self-energy of pointlike
charges diverges and should be properly regularized and
renormalized. Our approach is to use well established
regularizations techniques of quantum field theory to deal
with this problem. To single out divergences of the self-
energy of a pointlike charge we used the point-splitting
method. This method is well known in the quantum
field theory and is convenient for our purposes. It has
been intensively used for study of the vacuum polariza-
tion effects in black hole physics and cosmology. We
demonstrated that the application of a similar method
7for the classical problem allows one to reproduce the ear-
lier published results of calculations where a special (uni-
formly charged shell) model of classical charged particle
was used.
Important property of the point-splitting method is
that it does not require a special model for the charged
particle, and it is easily adapted for higher dimensional
calculations. We performed calculations of the self-
energy for a static source of a minimally coupled scalar
massless field. We showed that the contribution of the
self-energy to the proper mass of the particle has the form
∆m = −1
2
q2 Greg(x,x) . (6.1)
In other words, ∆m is identical to
∆m = −1
2
q2 〈ϕ˜2〉ren , (6.2)
where ϕ˜ is the properly normalized Euclidean quantum
field in (D− 1)−dimensional space with metric gab. The
classical point-splitting method practically coincides with
calculations of 〈ϕ˜2〉ren in the corresponding (D − 1)−
quantum theory (see, e.g., [40, 41]).
To illustrate the developed method of the calculations
of the self-energy, we applied it to a special case of a
charge in the higher dimensional Majumdar-Papapetrou
metrics, describing a set of static extremally charged
black holes in equilibrium. For such spaces the static
Green functions for a static charge are known explic-
itly. We showed that for even dimensional spacetimes
(D = 4, 6, . . .) ∆m vanishes identically. In five dimen-
sions ∆m does not vanish and is related to the local cur-
vature invariants of the spatial metric. One can expect
that this is a generic property of all odd dimensional
spacetimes. A natural explanation of these results might
be the following. On the class of spacetimes of the form
Eq.(5.1) characterized by an arbitrary function U , the
corresponding operator Fˆ is invariant under the trans-
formation of the function U . The spatial part of the
Majumdar-Papapetrou metric is conformally flat. In a
flat space ∆m vanishes identically. Thus the non-trivial
value of ∆m in a ‘physical’ space arises as a result of the
mechanism similar to the conformal anomalies. For odd
dimensional spaces with (D − 1 = 3, 5, . . .) such anoma-
lies vanish, and ∆m remains equal to zero. We are going
to return to this interesting problem and to discuss this
mechanism in details in another publication.
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Appendix A: Conformal transformation of the
DeWitt coefficients
Consider (n + 2)−dimensional space with the confor-
mally flat metric
gab = Ω
2g¯ab , σ
cσc = 2σ , σ¯
cσ¯c = 2σ¯ . (A1)
Here σa ≡ gabσ,b and σ¯a ≡ g¯abσ¯,b. The metric g¯ab is a
flat metric. Therefore
σ¯a;b = g¯ab . (A2)
We can express σ in terms of σ¯ and its derivatives. The
result is
σ = σ¯
[
Ω2 − ΩΩ;aσ¯a + 1
12
(4ΩΩ;ab
+4Ω;aΩ;b − Ω;cΩ;cg¯ab)σ¯aσ¯b
]
+ . . .
= σ¯Ω(x)Ω(x′)
[
1 +
1
12Ω2
(−2ΩΩ;ab
+4Ω;aΩ;b − Ω;cΩ;cg¯ab)σ¯aσ¯b
]
+ . . .
(A3)
For the determinant ∆1/2(x,x′) we have
∆1/2 = 1 +
1
12
Rabσaσb + . . .
= 1 +
1
12Ω2
[
− nΩΩ;ab + 2nΩ;aΩ;b
− (ΩΩ;c;c + (n− 1)Ω;cΩ;c) g¯ab
]
σ¯aσ¯b + . . .
(A4)
Here we took into account
Rab = R¯ab + 1
Ω2
[
− nΩΩ;ab + 2nΩ;aΩ;b
− (ΩΩ;c;c + (n− 1)Ω;cΩ;c) g¯ab
]
.
(A5)
R = 1
Ω2
R¯ − n+ 1
Ω4
[
2ΩΩ;c;c + (n− 2)Ω;cΩ;c
]
. (A6)
and that in our case g¯ab is flat and, hence, R¯ab = 0. Here,
on the right hand side of these equations all the covariant
derivatives Ω;ab,Ω;a etc. are defined in accordance with
the flat metric g¯ab.
The first DeWitt coefficients corresponding to the op-
erator
Fˆ = ∇a∇a + V (A7)
are
a0(x,x
′) = 1 . (A8)
a1(x,x
′) = V +
1
6
R+ . . . (A9)
8Appendix B: DeWitt coefficients in
Majumdar-Papapetrou spacetimes
The expressions Eq.(3.8)–Eq.(3.10) for the UV diver-
gent terms of the scalar Green function have been derived
for a generic curved spacetimes. Now we apply these re-
sults to the class of Majumdar-Papapetrou metrics.
In the case of the metric Eq.(5.1) we have
Ω = U1/n , (B1)
R = 1
4ξn+2
U−2−
2
n (U,aU,b − 2UU,ab) δab ,
ξn+2 =
n
4(n+ 1)
.
(B2)
V = −ξn+2R
= −1
4
U−2−
2
n (U,aU,b − 2UU,ab) δab .
(B3)
a1(x,x) =
1
6
R+ V =
(1
6
− ξn+2
)
R . (B4)
• In five dimensions n = 2, Ω = U1/2, ξ4 = 1/6
a1(x,x) ≡ 0 , (B5)
∆1/2
σ
=
1
Ωσ¯Ω′
+
1
36
R+ . . . , (B6)
and
R = 3
2
U−3 (U,aU,b − 2UU,ab) δab . (B7)
• In six dimensions n = 3, Ω = U1/3, ξ5 = 3/16
a1 = − 1
48
R , (B8)
R = − 4
Ω4
[
2ΩΩ;c;c +Ω
;cΩ;c
]
, (B9)
∆1/2 = 1 +
1
12Ω2
[
− 3ΩΩ;ab + 6Ω;aΩ;b
−(ΩΩ;c;c + 2Ω;cΩ;c)g¯ab
]
σ¯aσ¯b + . . . ,
(B10)
∆1/2
[
1
(2σ)3/2
a0 +
1
2(2σ)1/2
a1
]
=
1
Ω3/2(2σ¯)3/2Ω′3/2
+O(σ¯1/2)
=
1
U1/2(2σ¯)3/2U ′1/2
+ . . . .
(B11)
In all odd-dimensional (n = 2, 4, . . . ) Majumdar-
Papapetrou spacetimes the DeWitt coefficients
an/2(x,x
′) = 0 . (B12)
These coefficients appear as the factors before
ln |x − x′| in the Hadamard representation. This
is why there are no logarithmic divergences in the
static Green functions in these spacetimes.
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